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Abstract

The basic idea developed in this paper is that a modified (two level)
CES utility or cost function accounts for substitution caused by price
changes as well as by changes in the range of available commodities.
The theory of the associated cost of living index is provided, as well
as a practical recipe for calculating this index in real time.

1 Introduction

The Boskin et al. (1996) report criticized the U. S. Consumer Price Index for
its bias, the wellknown components being (upper and lower level) substitution
bias, new goods bias, quality change bias, and new outlets bias. Since this
criticism easily can be extended to any other country’s CPI, the report more
or less served to set the research agenda for the years to come.
∗ The views expressed in this paper are those of the author and do not necessarily reflect

the policies of Statistics Netherlands. This paper was presented at the Fifth Meeting of
the International Working Group on Price Indices, Reykjavik, 25-27 August 1999, and
at the Joint ECE/ILO Meeting on Consumer Price Indices, Geneva, 3-5 November 1999.
Participants of both meetings are thanked for useful comments. This paper is not final
but reflects work in progress.
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In a recent article, Shapiro and Wilcox (1997) proposed a method for
”picking the low-hanging fruit” of the CPI bias. To cure for the (upper
level) substitution bias, they suggested to use instead of the Laspeyres price
index, which is a base-period-expenditure-share-weighted arithmetic mean
price index, a base-period-expenditure-share-weighted generalized mean price
index. Using obvious but later on to be explained notation, this index can
be written as

∑
n∈I0

s0
n(p1

n/p
0
n)1−σ

1/(1−σ)

. (1)

Unlike superlative indices such as those of Fisher and Törnqvist, this index
can be calculated in real time, provided that the value of the parameter σ
is known. The Laspeyres price index is a specific instance of (1), namely for
σ = 0.

A generalized mean price index can be conceived as a cost of living index
corresponding to an underlying (homothetic) preference structure which is
characterized by the fact that for any pair of commodities the elasticity of
substitution is the same (hence the name ’CES’: constant elasticity of substi-
tution; it would be more precise to speak of ’identical’ instead of ’constant’).
The parameter σ is then simply equal to this elasticity. Thus, employing
(1) with σ > 0 is a first step in the direction of accounting for substitution
behavior.

Also from another perspective our attention was drawn to the CES prefer-
ence structure. Feenstra (1994) and Feenstra and Markusen (1994) proposed,
albeit in a different context (import demand and growth accounting respec-
tively), a modified version of the CES cost function. This version allows for
varying ranges of commodities through time. See also Feenstra and Shiells
(1997). So perhaps we have here a cure for what is called the new goods bias.

The phenomena of substitution and new/disappearing commodities are
strongly related. In each period the (representative) consumer is confronted
with a set of available commodities and a corresponding set of prices. Com-
pared to a previous period there are changes, additions and deletions. In
each period the consumer makes its choice. In a later period some commodi-
ties are bought that were not or could not be bought in an earlier period;
some commodities are no more bought; and some commodities continue to be
bought although perhaps in different quantities. Thus there is substitution
among continuing commodities, between new and continuing commodities,
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between continuing and discontinued commodities, and between new and
discontinued commodities.

The basic idea of this paper is that, at least to the first order, a modified
CES utility or cost function accounts for substitution in this broad sense,
that is when prices as well as the range of available commodities change
through time. In particular, I review the (properties of the) cost of living
index associated with a modified CES preference structure. The paper can
be summarized as follows.

Section 2 is concerned with the necessary definitions and notation. As a
first step it is assumed that the (representative) consumer’s preferences are
represented by a CES type unit cost function, defined on commodity sets
that are variable but overlapping through time. In section 3 it is then shown
that the cost of living index can be expressed in at least five different ways
as the product of a conventional price index, defined with respect to the set
of ongoing commodities, and a factor depending on the expenditure shares
of new and discontinued commodities.

Each of these expressions, however, contains the parameter σ. In sec-
tion 4 some simple methods for estimating the elasticity of substitution will
be proposed. These methods do not require the estimation of a complete
demand system.

A simple theoretical consideration shows that the value of σ must be
larger than 1, which seems to conflict with empirical evidence. This evi-
dence, however, pertains to commodity groups that are assumed to be stable
through time. Thus, the potential conflict between theory and empirics can
be resolved by assuming a two-level structure in the consumer’s preferences,
consisting of (at the upper level) unchanging commodity groups and (at the
lower level) changing ranges of commodities within these groups. This is the
topic explored in section 5. In particular it is shown that the cost of living
index can be represented in at least 5× 5×G ways, where G is the number
of commodity groups. There are now G + 1 parameters involved, but these
can be estimated in a relatively easy way.

A degree of freedom this large, combined with the ease of obtaining the
parameter values, leads us to expect here real progress in curing the CPI’s
substitution (including new/disappeared goods) bias. The final section wraps
up by providing a practical recipe for the calculation of a cost of living index.
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2 The CES preference structure with vari-

able sets of commodities

Let the sets of commodities be variable (but overlapping) through time, and
define I t ⊂ {1, ..., N} as the set of commodities which are available in period
t. We will denote by xtn and ptn respectively the non-negative quantity con-
sumed and the corresponding positive price of commodity n ∈ I t at period
t; xt will denote the vector of xtn and pt will denote the vector of ptn; x and
p will denote generic quantity and price vectors of appropriate size.

It is assumed that the preference structure of the representative consumer
exhibits homotheticity, and that the unit cost (expenditure) function is of
the CES type. Thus, it is assumed that the period t cost function is

C(p, u | I t) = u(
∑
n∈It

bnp
1−σ
n )1/(1−σ), (2)

where u > 0 is a utility level, σ ≥ 0, σ 6= 1 is the (demand) elasticity of sub-
stitution and bn > 0 (n ∈ I t) are quality or taste parameters.1 This function
provides the minimum expenditure necessary for achieving the utility level u
when the prices are given by p, conditional on the set of commodities being
I t. Notice that it is assumed that σ as well as bn (n ∈ I t) be time-invariant.
By Shephard’s Lemma, the optimal expenditure shares are

sn(p | I t) =
bnp

1−σ
n∑

n∈It bnp1−σ
n

(n ∈ I t). (3)

Due to homotheticity, these expenditure shares are independent of the utility
level u.

The utility function that is dual to the cost function (2) is given by

U(x | I t) = (
∑
n∈It

b1/σ
n x(σ−1)/σ

n )σ/(σ−1). (4)

This function is said to go all the way back to Bergson (1936).2 Against
the backdrop of production theory, its properties were discussed by Uzawa

1For the optimal quantities xtn(p, u | It) (n ∈ It) we find that d ln(xn(p, u | It)/xn′(p, u |
It))/d ln(pn/pn′) = −σ (n 6= n′), which must be non-positive. The Allen elasticity of
substitution between n and n′ (n 6= n′) is equal to σ. The Cobb-Douglas unit cost
function

∏
n∈It p

bn
n is obtained as limiting case for σ → 1. In turn, (2) is a specific case

of the more general (indirect addilog) cost function which is implicitly defined by the
equation u

∑
n∈It bn(pn/C(p, u | It))1−σn = 1.

2In the case of two commodities and assuming differentiability, Bergson (1936) showed

4



(1962) and McFadden (1963). A generalization beyond homotheticity was
proposed by Gamaletsos (1973), Hasenkamp (1978), (1980), and Hasenkamp
and Koo (1983). This generalization consists in replacing the quantities xn
by excess quantities xn − γn, where γn > 0.

We consider two periods, a base period (denoted by 0) and a comparison
period (denoted by 1). Our basic assumption is that the actual expenditure
shares in these periods are equal to the optimal shares, that is

stn ≡
ptnx

t
n∑

n∈It ptnx
t
n

= sn(pt | I t) (n ∈ I t; t = 0, 1). (5)

We will use the following definitions. Let I01 ≡ I0 ∩ I1 be the set of all
commodities common to the base period and the comparison period. These
commodities will also be called ongoing commodities. It is assumed that
I01 6= ∅. For the ongoing commodities we define

st∗n ≡
ptnx

t
n∑

n∈I01 ptnx
t
n

=
stn∑

n∈I01 stn
(n ∈ I01; t = 0, 1), (6)

which are the period t expenditure shares relative to the set of commodities
common to both periods. We also define

λt ≡
∑
n∈I01 ptnx

t
n∑

n∈It ptnx
t
n

=
∑
n∈I01

stn (t = 0, 1), (7)

which is the fraction of the period t expenditure attributable to the com-
modities which are common to both periods. Stated otherwise, λ1 is equal
to one minus the expenditure share of the new commodities and λ0 is equal
to one minus the expenditure share of the discontinued commodities. By
combining the two definitions, we obtain the following relationship:

stn = st∗n λ
t (n ∈ I01; t = 0, 1). (8)

For later use we add that our basic assumption (5) implies that

st∗n =
bn(ptn)1−σ∑

n∈I01 bn(ptn)1−σ (n ∈ I01; t = 0, 1). (9)

that if the consumer’s preference structure exhibits expenditure proportionality (homoth-
eticity) and independency (that is, the utility function can be expressed as U(x1, x2) =
U1(x1) +U2(x2)), then the utility function must be of the form U(x1, x2) = a1x

ρ
1 + a2x

ρ
2.
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These expenditure shares can therefore be conceived as the optimal shares
corresponding to minimum expenditure C(pt, u | I01) (t = 0, 1).

3 Various representations of the cost of living

index

The cost of living index for period 1 relative to period 0 will be defined by

P (p1, p0 | I1, I0) ≡ C(p1, u | I1)

C(p0, u | I0)
. (10)

Notice that, due to homotheticity, this index is independent of the utility level
u. It is the ratio of the minimum expenditure that is necessary for obtaining
utility level u under comparison and base period prices respectively, thereby
taking into account the changed availability of commodities. Combining (10)
with (2) we see that

P (p1, p0 | I1, I0) =

[∑
n∈I1 bn(p1

n)1−σ∑
n∈I0 bn(p0

n)1−σ

]1/(1−σ)

. (11)

There appear to be a number of ways to get rid of the unobservable param-
eters bn. The first way proceeds by splitting the numerator multiplicatively
into two parts, as follows

P (p1, p0 | I1, I0) =

[ ∑
n∈I1 bn(p1

n)1−σ∑
n∈I01 bn(p1

n)1−σ

∑
n∈I01 bn(p1

n)1−σ∑
n∈I0 bn(p0

n)1−σ

]1/(1−σ)

. (12)

Using assumption (5), definition (7), and relation (8), it is straightforward
to infer that the cost of living index can be expressed as

P (p1, p0 | I1, I0) =

[
λ1

λ0

]1/(σ−1)
 ∑
n∈I01

s0∗
n (p1

n/p
0
n)1−σ

1/(1−σ)

. (13)

Notice that the ratio λ1/λ0 is a function of σ and shows correct behavior
when σ → 1.

If I0 = I1 = I01, that is the range of commodities does not change
between the two periods, then λ0 = λ1 = 1 and s0∗

n = s0
n (n ∈ I0), and (13)

reduces to
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P (p1, p0 | I0, I0) =

∑
n∈I0

s0
n(p1

n/p
0
n)1−σ

1/(1−σ)

, (14)

that is, a base-period-expenditure-share-weighted generalized mean price in-
dex. This specific result was obtained by Lloyd (1975), rediscovered by Moul-
ton (1996) and suggested by Shapiro and Wilcox (1997). Lau (1979) proved
the converse: if the cost of living index is given by (14) and the preference
structure is assumed to be homothetic, then the unit cost function as well as
the dual utility function have the CES functional structure.

Notice that for σ = 0 (14) reduces to the Laspeyres price index, and that
for σ → 1 we obtain the base-period-expenditure-share-weighted geometric
mean price index.

The second way proceeds similarly by splitting the denominator of (11)
into two parts. One then obtains the following expression for the cost of
living index:

P (p1, p0 | I1, I0) =

[
λ1

λ0

]1/(σ−1)
 ∑
n∈I01

s1∗
n (p1

n/p
0
n)−(1−σ)

−1/(1−σ)

. (15)

If I0 = I1, then (15) reduces to a comparison-period-expenditure-share-
weighted generalized mean price index, a result also obtained by Lloyd (1975).
If, in addition, σ = 0 then (15) reduces to the Paasche price index, while for
σ → 1 we obtain the comparison-period-expenditure-share-weighted geomet-
ric mean price index.

The third way proceeds by taking the square root of (13) and (15). By
multiplying them, one obtains

P (p1, p0 | I1, I0) =

[
λ1

λ0

]1/(σ−1) [ ∑
n∈I01 s0∗

n (p1
n/p

0
n)1−σ∑

n∈I01 s1∗
n (p1

n/p
0
n)−(1−σ)

]1/2(1−σ)

. (16)

The second factor at the righthand side of (16) is a quadratic mean of order
2(1−σ) price index, computed with respect to the set I01. This type of index
has been introduced and discussed by Diewert (1976).

Notice that when σ = 0 the rightmost factor of (16) reduces to a Fisher
price index, and that for σ → 1 we obtain a Törnqvist price index.
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The fourth way, using assumption (5), rearranges (3) to obtain

∑
n∈It

bn(ptn)1−σ = bn(ptn)1−σ/stn (n ∈ I t; t = 0, 1). (17)

Substituting this into (11), we obtain the following expression for the cost of
living index:

P (p1, p0 | I1, I0) =
p1
n/p

0
n

(s1
n/s

0
n)1/(1−σ)

(18)

for n ∈ I01. We now substitute (8) into (18), to obtain

P (p1, p0 | I1, I0)

[
λ1

λ0

]1/(1−σ)

=
p1
n/p

0
n

(s1∗
n /s

0∗
n )1/(1−σ)

(n ∈ I01). (19)

Let us, just for a moment, abbreviate the lefthand side of this equation by
P , then we can rewrite this equation as

lnP − ln(p1
n/p

0
n)

ln(s1∗
n /s

0∗
n )

= − 1

1− σ
(n ∈ I01). (20)

It is then trivially true that

∑
n∈I01

(s1∗
n − s0∗

n )
lnP − ln(p1

n/p
0
n)

ln(s1∗
n /s

0∗
n )

= 0, (21)

which can also be written as

∑
n∈I01

L(s1∗
n , s

0∗
n )(lnP − ln(p1

n/p
0
n)) = 0, (22)

where L(.) is the logarithmic average.3 But (22) is nothing else than the
implicit definition of the Sato (1976) - Vartia (1976) price index, computed
on the set of commodities which are common to both periods. Thus, P =
P SV (p1, x1, p0, x0 | I01).4 Substituting this into (19) and rearranging some-
what, one finally obtains

3The logarithmic average is, for a, b > 0, defined as L(a, b) ≡ (a− b)/ ln(a/b) for a 6= b
and L(a, a) ≡ a.

4Viewed as a function of independent variables, the Sato-Vartia price index violates
the monotonicity axiom, as demonstrated by Reinsdorf and Dorfman (1999).
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P (p1, p0 | I1, I0) =

[
λ1

λ0

]1/(σ−1)

P SV (p1, x1, p0, x0 | I01). (23)

This is essentially the result obtained by Feenstra (1994) and Feenstra and
Markusen (1994), albeit in different contexts. They assumed (2) with time-
dependent parameters btn, but also assumed that b0

n = b1
n for all n ∈ I01.

The fifth way starts by rewriting (20) as5

lnP = ln(p1
n/p

0
n)− 1

1− σ
ln(s1∗

n /s
0∗
n ) (n ∈ I01). (24)

Let αn (n ∈ I01) be positive constants, adding up to 1, such that

∑
n∈I01

αn ln(s1∗
n /s

0∗
n ) = 0. (25)

One sees then immediately that

lnP =
∑
n∈I01

αn ln(p1
n/p

0
n). (26)

By substituting this into (19) one obtains

P (p1, p0 | I1, I0) =

[
λ1

λ0

]1/(σ−1) ∏
n∈I01

(p1
n/p

0
n)αn . (27)

For I0 = I1 this result has been obtained by Banerjee (1983).
Summarizing the results obtained so far, we see that the cost of living

index P (p1, p0 | I1, I0), which accounts for the changed availability of com-
modities, can be decomposed in five ways6 into the product of a conventional
price index, computed on the set of commodities which are common to both
periods, and a factor that depends on the magnitude of the change in the
range of available commodities – as measured by the ratio of λ’s.7 Not all
of these ways are equally interesting from the computational point of view.
Most interesting are expressions (13), (15) and (23). With respect to the
conventional price index figuring in these expressions there appears to be a

5This relation could be used to test the underlying model of consumer behavior.
6Actually, the fifth way comprises an infinite number of representations.
7In retrospect, this ratio bears some resemblance to ”The R Test for Homogeneity”

proposed by Mudgett (1951, 55).
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trade-off between using the expenditure shares of both periods or using the
expenditure shares of but one period combined with knowledge of the value
of the elasticity of substitution σ.

It is important to notice that the ratio λ1/λ0 is a function of expenditure
shares. Thus for its computation one does not need the actual prices of new
and discontinued commodities. It is perhaps not superfluous to add that
the adjectives ’new’ and ’discontinued’ refer to the population of available
commodities and not to the sample used in actual calculations.

In an interesting contribution, Nahm (1997) showed that the cost of living
index (and its dual Malmquist quantity index) can be decomposed into three
parts. Recast in our notation, the decomposition reads

P (p1, p0 | I1, I0) =
C(p1, u | I1)

C(p0, u | I01)

C(p1, u | I01)

C(p0, u | I0)

[
C(p1, u | I01)

C(p0, u | I01)

]−1

. (28)

The first factor is a cost of living index based on the commodities which are
common to both periods and the new commodities, the second factor is a cost
of living index based on the common and the discontinued commodities, while
the third factor, actually the denominator, is a cost of living index based on
the common commodities only. Application of (13) and (15), thereby using
(8), yields the following result:

P (p1, p0 | I1, I0) =[∑
n∈I01 s1

n(p1
n/p

0
n)−(1−σ)

]−1/(1−σ)
[
∑
n∈I01 s0

n(p1
n/p

0
n)1−σ]

1/(1−σ)

[
∑
n∈I01 s0∗

n (p1
n/p

0
n)1−σ]1/(1−σ)

. (29)

The expression in the denominator follows from the interpretation of the
shares s0∗

n (n ∈ I01) as being the optimal expenditure shares corresponding
to C(p0, u | I01). This expression can of course be replaced by equivalent
expressions such as the rightmost factor in (15), (16), (23), and (27). It is
noteworthy that in (29) the factor (λ1/λ0)1/(σ−1) has disappeared.

With respect to this factor we recall that λ1 is equal to one minus the share of
the new commodities in the period 1 expenditure, whereas λ0 is equal to one
minus the share of the discontinued commodities in the period 0 expenditure.
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One sees immediately that if these shares happen to be equal, then the value
of the factor equals unity, irrespective of the magnitude of the elasticity of
substitution.

Now, suppose that there are no discontinued commodities, so λ0 = 1, and
denote the share of the new commodities in the period 1 expenditure by s1

N .
Suppose further that between the base period and the comparison period the
prices of the common commodities do not change, that is p1

n = p0
n (n ∈ I01).

One easily checks that in this case the cost of living index equals

P (p1, p0 | I1, I0) = (1− s1
N)1/(σ−1). (30)

This expression must be smaller than 1, since otherwise the consumer, going
from base period to comparison period, would be better off by disregarding
the new commodities altogether and sticking to his base period consumption
vector. But this is equivalent to requiring that the elasticity of substitution
σ must be larger than 1.

Before closing this section we recall that the quality or taste parameters,
occurring in the cost function (2) and the utility function (4), were assumed
to be constant through time. One easily checks that replacing all bn by btn
amounts to replacing ptn by ptn/(b

t
n)1/(σ−1) (n ∈ I01; t = 0, 1) in all of the

expressions for the cost of living index. Thus prices must be replaced by
quality- or taste-corrected prices. One derives easily from (4) that

(btn)1/(σ−1) =

[
∂U(x | I t)(σ−1)/σ

∂x
(σ−1)/σ
n

]σ/(σ−1)

, (31)

which can be conceived as a kind of marginal utility.

4 Obtaining the elasticity of substitution

For obtaining the value of the elasticity of substitution σ we do not need to es-
timate a demand system, as suspected by Shapiro and Wilcox (1997). There
appear to be simpler routes, all prompted by the diverse representations of
the cost of living index P (p1, p0 | I1, I0).

To start with, it is obvious that the righthand side of (13) must be equal
to the righthand side of (15), so that we can obtain σ as the solution of8

8Basically this procedure was suggested in Proposition 7 appended to the doctoral
dissertation of Balk (1984).
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 ∑
n∈I01

s0∗
n (p1

n/p
0
n)1−σ

1/(1−σ)

=

 ∑
n∈I01

s1∗
n (p1

n/p
0
n)−(1−σ)

−1/(1−σ)

, (32)

given that we know the base and comparison period expenditure shares.
The solution can be obtained by a simple numerical procedure. For σ = 0

the lefthand side of (32) reduces to
∑
n∈I01 s0∗

n (p1
n/p

0
n), which is the Laspeyres

price index with respect to the commodity set I01. Similarly, the righthand
side reduces to [

∑
n∈I01 s1∗

n (p1
n/p

0
n)−1]

−1
, which is the Paasche price index with

respect to the commodity set I01. It is to be expected that the Laspeyres
price index is greater than the Paasche price index. When we let σ →∞ the
lefthand side of (32) approaches minn∈I01(p1

n/p
0
n), while the righthand side

approaches maxn∈I01(p1
n/p

0
n). Moreover, we know that any generalized mean

(
∑
n an(zn)k)1/k is monotonously increasing in k (Hasenkamp 1978, Theorem

2).
Secondly, the equality of the righthand sides of (13) and (23) leads to

 ∑
n∈I01

s0∗
n (p1

n/p
0
n)1−σ

1/(1−σ)

= P SV (p1, x1, p0, x0 | I01), (33)

from which the value of σ can also be obtained with help of a simple numer-
ical procedure. If fact, this equation lends support to the actual procedure
used by Shapiro and Wilcox (1997). They had observations pertaining to
time periods t = 0, 1, 2, ..., T and determined the value of the elasticity of
substitution by solving

min
σ

1

T

T∑
t=1

|

 ∑
n∈It−1,t

st−1,∗
n (ptn/p

t−1
n )1−σ

1/(1−σ)

−P SV (pt, xt, pt−1, xt−1 | I t−1,t) |,

(34)
except that the Sato-Vartia price index was replaced by the Törnqvist price
index. These two indices, however, appear in practice to be close approxi-
mations to each other.9

9Dorfman, Leaver and Lent (1999) considered explicitly the base-period-expenditure-
share-weighted generalized mean price index as estimator of the Törnqvist price index. For
both indexes they developed Taylor series expansions about the point p1

n/p
0
n = 1 (n ∈ I01)

and selected σ such that both expansions coincided to the second order.

12



Thirdly, the equality of the righthand sides of (15) and (23) leads to

 ∑
n∈I01

s1∗
n (p1

n/p
0
n)−(1−σ)

−1/(1−σ)

= P SV (p1, x1, p0, x0 | I01) (35)

as yet another way of obtaining the value of the elasticity of substitution.

5 A two-level CES preference structure with

variable sets of commodities

In section 3 we noticed that maintaining (2) with commodity sets being vari-
able through time is only sensible when the (overall) elasticity of substitution
is larger than 1. For empirical economists such a value seems to be counter-
intuitive. Most empirical work points to a value between 0 and 1. However,
all of this work has been executed on commodity groups as smallest units of
measurement, thereby assuming that these groups as such are not changing
through time.10 This assumption is reasonable, given that it is mostly within
groups that commodities appear and disappear.

This suggests as way out the assumption of a two-level structure in
the preferences of the representative consumer. Thus, let there be G non-
overlapping commodity groups. Let the sets of commodities belonging to
each of these groups be variable (but overlapping) through time, and define
I tg ⊂ {1, ..., N} as the set of commodities belonging to group g (g = 1, ..., G)
which are available in period t. We will denote by xtng and ptng respectively
the non-negative quantity consumed and the corresponding positive price of
commodity n ∈ I tg at period t; xtg will denote the vector of xtng and ptg will
denote the vector of ptng; xg and pg will denote generic quantity and price
vectors of appropriate size.

It is now assumed that the period t cost function is completely separable
in the partition I t1, ..., I

t
G and that the price aggregator functions of the groups

are CES functions, that is

10Shapiro and Wilcox’s (1997) work was based on the 44 × 207 area-item strata of the
U. S. CPI over the period 1987-1995. They obtained σ = 0.7. Not surprisingly, Dorfman,
Leaver and Lent (1999), using U. S. CPI data over the period 1987-1997, obtained with
one exception σ values ranging between 0.66 and 0.90.
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C(p, u | I t1, ..., I tG) = u

 G∑
g=1

∑
n∈Itg

bngp
1−σg
ng

(1−σ)/(1−σg)


1/(1−σ)

(36)

where u > 0 is a utility level, σ ≥ 0, σ 6= 1, σg ≥ 0, σg 6= 1, bng > 0
(n ∈ I tg; g = 1, ..., G). We see that the cost function is an (upper level) CES
function of (lower level) CES functions.11 The price aggregator functions of
the groups are given by

p̃g ≡

∑
n∈Itg

bngp
1−σg
ng

1/(1−σg)

(g = 1, ..., G). (37)

By Shephard’s Lemma the optimal expenditure shares can be obtained.
Using the basic assumption that in both time periods t = 0, 1 these optimal
shares are equal to the observed shares, one obtains the following expression
for the observed expenditure shares of the commodities

stng =
(p̃tg)

1−σ∑G
g=1(p̃tg)

1−σ

bng(p
t
ng)

1−σg∑
n∈Itg bng(p

t
ng)

1−σg
(38)

for n ∈ I tg (g = 1, ..., G). From this we obtain the following expression for
the observed expenditure shares of the commodity groups

stg ≡
∑
n∈Itg

stng =
(p̃tg)

1−σ∑G
g=1(p̃tg)

1−σ (g = 1, ..., G). (39)

We further define for each commodity group the subset of ongoing commodi-
ties as I01

g ≡ I0
g ∩ I1

g , which is assumed to be non-empty, and

λtg ≡
∑
n∈I01

g
stng∑

n∈Itg s
t
ng

=

∑
n∈I01

g
stng

stg
=

∑
n∈I01

g
bng(p

t
ng)

1−σg∑
n∈Itg bng(p

t
ng)

1−σg
(g = 1, ..., G), (40)

11The dual representations of (36) are discussed by Blackorby, Primont and Russell
(1998). The two-level CES functional structure was introduced in production theory by
Sato (1967) and in consumption theory (with excess quantities) by Brown and Heien
(1972). The Allen elasticity of substitution between two different commodities n and n′

is equal to σ + (σg − σ)/stg when n, n′ ∈ Itg and equal to σ when n ∈ Itg and n′ 6∈ Itg.
Multi-level CES functions were considered by Keller (1976).
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which is the fraction of the total expenditure on commodity group g at period
t that is attributable to the commodities which are common to the base
period and the comparison period. For all of these commodities the relative
shares, that is, the shares with respect to the part of the commodity group
that is common to both periods, are defined by

st∗ng ≡
stng∑

n∈I01
g
stng

=
bng(p

t
ng)

1−σg∑
n∈I01

g
bng(ptng)

1−σg
(n ∈ I01

g ; g = 1, ..., G). (41)

The cost of living index for period 1 relative to period 0 is now, analogous
to (10), defined by

P (p1, p0 | I1, I0) ≡ C(p1, u | I1
1 , ..., I

1
G)

C(p0, u | I0
1 , ..., I

0
G)
, (42)

where I1, I0 is used as an obvious abbreviation. Substituting (36) into (42),
and employing (39), for the upper level each of the five ways discussed in
section 3 could be followed. For instance, the first way, being the obvious
one for a real time calculation, results in

P (p1, p0 | I1, I0) =

 G∑
g=1

s0
g

∑n∈I1
g
bng(p

1
ng)

1−σg∑
n∈I0

g
bng(p0

ng)
1−σg

(1−σ)/(1−σg)


1/(1−σ)

=

 G∑
g=1

s0
g

(
P (p1

g, p
0
g | I1

g , I
0
g )
)1−σ

1/(1−σ)

. (43)

Next, for each commodity group g there are again five ways to follow. Again
using the first way, one arrives finally at the following expression for the cost
of living index

P (p1, p0 | I1, I0) =

 G∑
g=1

s0
g

λ0
g

λ1
g

∑
n∈I01

g

s0∗
ng(p

1
ng/p

0
ng)

1−σg

(1−σ)/(1−σg)


1/(1−σ)

.

(44)
Moreover, there is no necessity to restrict to the same way for each commodity
group. Thus, (44) is but one of at least 5 × 5 × G different representations
of the cost of living index.
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Let us now suppose that I0
g = I1

g for g = 2, ..., G and I0
1 ⊂ I1

1 , that is, only in
commodity group 1 there appear new commodities at the comparison period.
Then λ0

g = λ1
g = 1 for g = 2, ..., G, λ0

1 = 1, and λ1
1 = 1 − s1

N1/s
1
1, where s1

N1

is the sum of shares of the new commodities belonging to group 1. We also
suppose that between both periods the prices of the common commodities
do not change, that is p0

ng = p1
ng for n ∈ I01

g (g = 1, ..., G). Then the cost of
living index reduces to

P (p1, p0 | I1, I0) =

s0
1

(
1− s1

N1

s1
1

)−(1−σ)/(1−σ1)

+ 1− s0
1

1/(1−σ)

, (45)

which must be smaller than 1. The following chain of expressions

lnP (p1, p0 | I1, I0)

=
1

1− σ
ln

s0
1

(
1− s1

N1

s1
1

)−(1−σ)/(1−σ1)

+ 1− s0
1


≈ 1

1− σ

s0
1

(
1− s1

N1

s1
1

)−(1−σ)/(1−σ1)

− s0
1


≈ 1

1− σ

[
s0

1

(
1 +

1− σ
1− σ1

s1
N1

s1
1

)
− s0

1

]

= s0
1

1

1− σ1

s1
N1

s1
1

(46)

demonstrates that for the cost of living index to be smaller than 1 it is
required that σ1 > 1, irrespective the value of σ. Of course, commodity
group 1 was here only taken to ease the exposition.

We thus conclude that requiring all intra-group σg’s to be larger than 1 is
consistent with having the inter-group substitution elasticity σ to be smaller
than 1.

Because of the complete separability of the cost function, the empirical
estimation of the parameters σg and σ can proceed bottom-up. For each
commodity group g each of the methods discussed in section 4 can be used
to obtain both the value of σg and the price index number P (p1

g, p
0
g | I1

g , I
0
g ).

Then one level higher up, again each of these methods can be used to obtain
the value of σ.
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6 Conclusion

This section revisites the main points of this paper by means of providing a
practical recipe for the real time calculation of a cost of living index which
accounts for substitution caused by price changes as well as by changes in
the range of available commodities.

It is supposed that the scope of the cost of living index consists of a certain
number of disjunct commodity groups Iτg (g = 1, ..., G). The contents of these
groups are variable through time, which is denoted by the time supercript τ .

For any two adjacent periods t−1, t the cost of living subindex for group
g is to be calculated as

P (ptg, p
t−1
g | I tg, I t−1

g ) =

λt−1
g

λtg

∑
n∈It−1,t

g

st−1,∗
ng (ptng/p

t−1
ng )1−σg


1/(1−σg)

, (47)

where I t−1,t
g is the set of commodities common to I t−1

g and I tg; s
t−1,∗
ng is the

period t − 1 expenditure share of an ongoing commodity belonging to the
g-th group relative to the set of all ongoing commodities; λτg is the period τ
expenditure on I t−1,t

g relative to Iτg (τ = t− 1, t); and σg > 1 is a parameter
reflecting within-group substitution.

Given these subindices, the overall cost of living index is to be calculated
as a generalized mean

P (pt, pt−1 | I t, I t−1) =

 G∑
g=1

st−1
g

(
P (ptg, p

t−1
g | I tg, I t−1

g )
)1−σ

1/(1−σ)

, (48)

where st−1
g is the period t−1 expenditure share of group g and σ is a parameter

reflecting between-group substitution.
This recipe presupposes that for any two adjacent periods the G groups

and the allocation of all commodities to them is given. The conventional
method of grouping commodities is by similarity of purpose. However, im-
plicit in the method proposed here is the requirement that all commodities
be grouped according to equality of substitution elasticity. In particular, the
allocation should be such that for every commodity group equation (24) is
satisfied. The operational form of this criterion is
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ln

(
ptng/p

t−1
ng

ptn′g/p
t−1
n′g

)
=

1

1− σg
ln

 st,∗ng/st−1,∗
ng

st,∗n′g/s
t−1,∗
n′g

 (n, n′ ∈ I t−1,t
g ), (49)

which is a relation between relative price changes and relative expenditure
share changes.

Thus, starting with a certain initial (maybe conventional) allocation, the
commodities must be reallocated such that finally (49) is satisfied. This leads
to a grouping of the ongoing commodities according to the economic criterion
of equal within-group substitution elasticities. At the same time the actual
values of the σg’s are obtained. Of course, to keep things practical, one could
work with values rounded to the first decimal.

The remaining task is the allocation of the discontinued and the new
commodities. Commodities which are no more available in period t were
ongoing in previous periods, so we know to which groups they belonged.
Commodities which are new in period t should be allocated to certain groups
to the best of our (intuitive) knowledge. Their position can be reconsidered
as soon as information about period t + 1 becomes available, since at that
time they belong to the set of ongoing commodities. This can eventually lead
to a recomputation of the cost of living index for period t relative to period
t− 1.

The overall substitution elasticity σ can be determined by solving an
appropriately modified version of equation (32). This should be repeated
periodically.
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